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In this work we consider a family of cosmological models featuring future singularities. This type of
cosmological evolution is typical of dark energy models with an equation of state violating some of the
standard energy conditions (e.g. the null energy condition). Such kind of behavior, widely studied in
the literature, may arise in cosmologies with phantom fields, theories of modified gravity or models
with interacting dark matter/dark energy. We briefly review the physical consequences of these
cosmological evolutions regarding geodesic completeness and the divergence of tidal forces in order
to emphasize under which circumstances the singularities in some cosmological quantities correspond
to actual singular spacetimes. We then introduce several phenomenological parameterizations of the
Hubble expansion rate to model different singularities existing in the literature and use SN Ia, BAO
and H(z) data to constrain how far in the future the singularity needs to be (under some reasonable
assumptions on the behaviour of the Hubble factor). We show that quite generally, the lower bound
for the singularity time can not be smaller than about 1.2 times the age of the universe, what roughly
speaking means ∼ 2.8 Gyrs from the present time.
I. INTRODUCTION
The standard model of cosmology together with the
inflationary paradigm provide an accurate description of
the universe, although it requires the presence of three
unknown ingredients, namely: Dark matter, dark energy
and the inflaton field. The last two share the property
of being introduced in order to support phases of accel-
erating expansion. Moreover, while the inflaton accounts
for the first instants of life of our universe, dark energy
should determine its final fate as the component that will
eventually dominate. If dark energy turns out to be sim-
ply a cosmological constant, then we are doomed to an
asymptotically de Sitter universe in the future. The situ-
ation is much more subtle when dynamical dark energy or
modified gravity is brought in as possible explanations for
the late time accelerated expansion (for a review about
dark energy models, see [1]). In some cases, dark energy
is ascribed to a so-called phantom fluid, i.e., a fluid satis-
fying ρ+p < 0 and, thus, violating the Null Energy Con-
dition (NEC) [2]. For a set of minimally coupled scalar
fields, this condition implies the presence of, at least, a
laplacian instability in the inhomogeneous perturbations,
although this can be resolved by allowing non-minimal
couplings (see for instance [3]). Moreover, such kind of
behavior can be also a consequence of a modification of
General Relativity instead of a fluid with a non-standard
equation of state [4]. In any case, the phantom behav-
ior may affect the background evolution giving rise to
a future singularity occurring at a finite time where the
scale factor diverges. Nevertheless, note that some mod-
els with violations of the null energy condition do not
drive the universe to a singularity but to regular scenar-
ios that may affect the local structures, known as little
Rip, Pseudo-Rip and Little Sibling [5–7].
The described singular behaviour is actually shared by
many dynamical dark energy models and modified grav-
ity scenarios, where divergences in different cosmological
parameters at a finite time can appear. The nature of
the future singularities may differ among the different
scenarios and they can be classified according to the cos-
mological parameters that diverge. An alternative way
of classifying the future singularities is by means of the
derivative of the scale factor that diverges. This classifi-
cation is very useful because it helps understanding the
severity of the different types of singularities (for a clas-
sification of cosmological singularities, see Ref. [8, 9]).
At this respect, it is worth reminding that a singular
spacetime is characterized by the incompleteness of the
geodesics [10]. Since the geodesic equations are linear in
the connection, it will contain, at most, first derivatives of
the metric. Thus, the geodesics will be regular as long as
the metric is continuous at the singularity. For a cosmo-
logical model, this will mean that the scale factor should
remain finite at the singularity, even if divergences in the
Hubble expansion rate or its derivatives are present. This
type of behaviour has been recently used in [11] in order
to replace the Big Bang singularity with a milder one
that can be trespassed by the geodesics.
Another useful equation in order to characterize the
strength of a singularity is the geodesics deviation equa-
tion. That equation essentially determines the tidal
forces suffered by two infinitesimally close geodesics and
it depends on the curvature of the spacetime. This means
that tidal forces are sensitive to singularities which do not
necessarily affect the completness of the geodesics. Again
2in a cosmological context, if the scale factor remains reg-
ular, but the Hubble rate diverges, it is possible to have
a regular geodesic congruence with divergent tidal forces.
Some criteria based on the behaviour of the Riemann ten-
sor as we approach the singularity exist in the literature
to decide weather the singularity is strong or weak, be-
ing the Tipler [12] and Krolak [13] conditions two widely
used ones.
Regardless the physical consequences of having a fu-
ture singularity at a finite time, a natural question to
ask is how close a given type of singularity is to us [14].
This is the analogous of asking about the age of the uni-
verse, determined by our distance to the original Big
Bang singularity. Nevertheless, in the same way as we
do not expect the Big Bang singularity to exist actually,
but rather being regularized by some quantum effects,
high curvature corrections to Einstein’s gravity or even
by varying physical constants [15], we do not expect the
future singularities to be physical, at least the strongest
types where physical quantities diverge [16]. However, it
will be useful to have some estimation on how close to us
a given singularity can be and, therefore, have an idea of
how far in the future we could extrapolate a model with
a certain type of future singularity. It is important to
notice that an effective equation of state for dark energy
w < −1 is within the confidence regions of observational
data [17] so the possibility of having a future singularity
is plausible. Moreover, such models have also received
attention because of some theoretical implications, since
possible quantum effects close to the singularity become
important. We know that General Relativity is to be re-
garded as an effective field theory whose strong coupling
scale is, in the most optimistic scenario, at the Planck
scale. Thus, knowing at which time the singularity is es-
sentially reached will give us also an idea of until when
we can keep using General Relativity as an effective field
theory.
The purpose of the present work is precisely to draw
such an estimation in a fairly model independent frame-
work. An important difficulty arising here with respect
to the Big Bang case is that, while in that case we have
control on the different phases that the universe has
gone trough from the initial singularity until today, for
the future singularity we cannot know what the future
phases will be. Thus, we need to make some assumptions
to eventually determine how close the singularity can
be. In order to achieve this, we will use some classes
of phenomenological parameterizations for the Hubble
expansion rate as proxies for a universe with a transition
from a matter dominated era to a dark energy phase
leading to a future singularity. We will then confront
them to SN Ia, BAO and H(z) data to obtain the time
of the singularity. Obviously, there could be transient
phases that could delay the singularity, but this will not
concern us since we are actually interested in obtaining
a general lower bound for a future singularity.
The paper is organized as follows: section II is devoted
to a brief review about future cosmological singularities.
In section III, the parametrizations of the Hubble rate
which are analyzed in the paper are introduced. Then,
the observational data used to fit the models is described
in section IV. Finally, section V is devoted to the results
discussions.
II. FUTURE COSMOLOGICAL
SINGULARITIES
Assuming an homogeneous and isotropic universe at
large scales, in compliance with the cosmological prin-
ciple, the metric is given by the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) line element which is ex-
pressed as follows
ds2 = −dt2 + a(t)2
(
dx2 + dy2 + dz2
)
, (1)
where we have assumed spatial flatness. Within General
Relativity and assuming a perfect fluid as matter source,
the gravitational equations can be written as
H2 =
8πG
3
ρ , H˙ = −4πG(ρ+ p) . (2)
Here ρ and p are the energy and pressure densities re-
spectively of the perfect fluid, while H = a˙a is the Hub-
ble parameter. These equations are enough to describe
the background cosmological evolution once the matter
content of the universe is specified. In addition to these
equations, the Bianchi identities allow to obtain the con-
tinuity equation ρ˙ + 3H(ρ + p) = 0, which is nothing
but the field equations of the matter sector. For an ar-
bitrary and constant equation of state (EoS) parameter
w ≡ p/ρ 6= −1, the continuity equations can be easily in-
tegrated to give ρ ∝ a−3(1+w) so that the above equations
yield the familiar solutions:
H =
2
3(1 + w)(t − ts)
⇒ a(t) ∝ (t− ts)
2
3(1+w) (3)
with ts some integration constant. For w > −1 this equa-
tion contains a singularity at t = ts, where a → 0 and
the energy density ρ ∝ a−3(1+w) diverges, which corre-
sponds to the Big Bang or Big Crunch singularities. On
the other hand, when w < −1, the above solution would
lead to a contracting universe unless t < ts which cor-
responds to an expanding universe that ends in a future
singularity at the Rip time ts where the energy density di-
verges but also the scale factor. This is the so-called Big
Rip singularity, which has drawn much attention over the
last years since dark energy models with an EoS param-
eter w < −1 (usually called phantom) are allowed by the
observations constraining the homogeneous background
evolution, as we have commented upon before. However,
although this is possibly the simplest type of future sin-
gularity, it is not the only possible one and, in fact, a
relatively large amount of different future singularities
have been found in more contrived cosmological scenar-
ios based on non-standard fields, more general fluids or
3modified gravity. The different types of finite late-time
singularities can be classified according to the divergent
cosmological quantity at the singularity as follows (see
Refs. [8, 9],
• Type I (“Big Rip singularity”): For t→ ts, a→∞
and ρ → ∞, |p| → ∞. Time-like geodesics are
incomplete [14, 18].
• Type II (“Typical Sudden singularity”): For t →
ts, a→ as and ρ→ ρs, |p| → ∞. Geodesics are not
incomplete. This is clasified as a weak singularity
(see Ref. [19]).
• Type III (“Big freeze”): For t → ts, a → as and
ρ → ∞, |p| → ∞. No geodesics incompleteness.
They can be weak or strong (see Ref. [20]).
• Type IV (“Generalized Sudden singularity”): For
t → ts, a → as and ρ → ρs, p → ps but higher
derivatives of Hubble parameter diverge. They are
weak singularities [21].
• Type V (“w-singularities”): For t → ts, a → ∞
and ρ → 0, |p| → 0 and w = p/ρ → ∞. These
singularities are weak (see Ref. [22]).
In addition, there are other scenarios where no quantity
diverges at a finite time but at infinity, namely the “Lit-
tle Rip” [5], “Pseudo-Rip” [6] and “Little Sibling” [7].
The above classification is useful since it groups together
different models exhibiting a background evolution where
some cosmological quantity meets a divergence in the fu-
ture. The fact that some given quantities might have a
divergence is usually regarded as a non-desirable feature
to have in a regular spacetime. However, a regular space-
time is only defined in terms of its geodesic completeness.
Thus, a spacetime with a curvature divergence can be
regular as long as the geodesics can smoothly go through
the divergence. Hence, cosmological models with some
of the divergences in the above classification do not need
to correspond to singular spacetimes and, consequently,
singular future universes. In order to study whether the
different singularities correspond to a geodesically incom-
plete spacetime we will consider the geodesic equations
given by
dxµ
dλ2
+ Γµαβ
dxα
dλ
dxβ
dλ
= 0 (4)
where λ is some affine parameter (proper time for in-
stance for non-null geodesics) and Γµαβ are the corre-
sponding Christoffel symbols. This equation already
shows that it is the connection which determines the
smoothness of the geodesics. In general, the solutions of
the differential equations will be better behaved than the
coefficients of the equations, so it is plausible to have a di-
vergence in the connection with the geodesics remaining
well-defined. It is also important to notice that the curva-
ture contains derivatives of the connection and, therefore,
there can be situations with curvature divergences, but
where the connection (and consequently the geodesics)
are perfectly regular. We will illustrate this below for
some specific cases. The relevant case for the cosmo-
logical evolution is a spacetime described by the FLRW
metric. In that case, the geodesic equations read1
d2t
dλ2
+Ha2δij
dxi
dλ
dxj
dλ
= 0 , (5)
d2xi
dλ2
+ 2H
dxi
dλ
dt
dλ
= 0. (6)
These equations can be easily integrated. We start by
rewriting the Hubble parameter in terms of the affine
parameter as
H =
a˙
a
=
1
a
da/dλ
dt/dλ
. (7)
Then, we can rewrite Eq. (6) as
d
dλ
(
a2
dxi
dλ
)
= 0 (8)
which can be immediately integrated to obtain
dxi
dλ
=
ui0
a2
(9)
with ui0 some integration constants. We can then use this
solution into Eq. (5) to obtain
(
dt
dλ
)2
=
|~u0|
2
a2
+ C0 (10)
where C0 is another integration constant. We thus see
that the geodesics will be regular (with a well-defined
tangent vector) as long as the scale factor remains reg-
ular. If the scale factor does not diverge and is non-
vanishing (so the metric is regular) the 4-velocities of
the geodesics remain regular and the spacetime will be
said to be non-singular. If the scale factor diverges at
some point, then the geodesics stop there and cannot go
through it. As we have discussed above, it is important
to notice that the geodesics are insensitive to divergences
in the expansion rate H or its derivatives if they do not
correspond to a singular behavior of the scale factor. This
will be the case of the types II, III and IV singularities
in the above classification where the scale factor remains
finite while all the divergences only appear in its deriva-
tives.
So far we have discussed the singularities from the
point of view of geodesic completeness. Another class
of criteria that is useful to study the presence of a sin-
gular physical behaviour is the geodesic deviation equa-
tion, which allows to infer the potential existence of di-
vergences in tidal forces. The corresponding equations
1 Here we will focus on spatially-flat universes. For the general
case see [23]
4depend on the Riemann tensor, which explicitly contains
the Hubble expansion rate and its first time-derivative so
that it is, in principle, sensitive to divergences that do not
affect the geodesics themselves. Two common criteria to
classify these divergences are the so-called strong curva-
ture divergences in the Tipler and Krolak sense, which
are respectively characterized by the following integrals:
T (u) ≡
∫ λ
0
dλ′
∫ λ′
0
dλ′′Riju
iuj , (11)
K(u) ≡
∫ λ
0
dλ′
′′
Riju
iuj . (12)
with ui the 4-velocity of the geodesic approaching the
singularity. Here again we see that divergences in the
curvature do not necessarily lead to a physical singular-
ity because integrals of a given function are generally
better behaved than the function itself. Thus, even if the
spacetime contains a curvature divergence, it can remain
regular according to the above criteria. The physical rea-
son roots in the fact that the geodesic deviation equa-
tion measures the infinitesimal deviation, i.e., the tidal
force between infinitesimally closed geodesics. However,
extended physical objects have a finite physical volume
and the above criteria precisely give the conditions for
a finite volume to remain finite when going through the
singularity. On the other hand, if the tidal forces are
strong enough such that the volume shrinks to zero, the
singularity is said to be strong.
III. THE MODELS
In this section we will describe the parameterizations
that we will use for the subsequent confrontation to ob-
servational data. We emphasize that we intend to estab-
lish a general lower bound for the time of the future sin-
gularity ts in a fairly model independent manner. Since
we are dealing with future singularities occurring at a fi-
nite proper time, it is reasonable to perform our param-
eterizations in terms of proper time. Moreover, as we
have discussed, the severity of the different types of sin-
gularities is essentially determined by whether the scale
factor or any of its time-derivatives presents a divergence.
Therefore, the natural cosmological quantity to parame-
terize is the scale factor However, for convenience when
confronting to SN Ia and BAO, it will be more appropri-
ate to parameterize the Hubble expansion rate directly.
By doing this, we also avoid the ambiguity in the nor-
malization of the scale factor.
As commented in the introduction, the main difficulty
with respect to constraining the time of the Big Bang
is that, while we have an accurate knowledge about the
past history of the universe so we can robustly compute
such a time, the future evolution of the universe is com-
pletely unknown. Because of that we need to make some
relatively strong assumptions on our parameterizations.
First of all, we want to have an approximate matter
dominate phase at early times; we will use low-redshift
(z ≤ 2) cosmological data so that by early time we ac-
tually mean well inside the matter domination epoch,
but much later than equality and decoupling times, i.e.,
redshifts 10 ≤ z ≤ 1000. In order to comply with this
requirements we propose to use the following form for the
Hubble expansion rate:
H(t) =
2
3t
+ F (t, ts) , (13)
where ts is the time when one of the above singular-
ities occur and the function F (t, ts) is assumed to be
negligible for t ≪ t0 with t0 the present time, such that
H(t≪ t0) ≃
2
3t as it corresponds for a matter dominated
universe. In terms of the scale factor, this translates into
a parameterization of the form
a(t) ∝ g(t, ts)t
2/3 with F (t, ts) =
g˙
g
. (14)
This matter dominated phase will then be matched to an
evolution with a future time singularity, i.e., F (t, ts) is a
function that either itself or some of its time-derivatives
diverges at t = ts. Since we are looking for a future
divergence where a given derivative of the scale factor di-
verges while the lower derivatives remain finite, a reason-
able Ansatz for F (t, ts) is some half-integer power. The
specific parameterizations that we have chosen are sum-
marized in Table. I together with their main properties,
where the type of singularity is provided. All the mod-
els contain two parameters characterizing the time of the
singularity ts and an additional parameter n that regu-
lates the time of the transition from matter domination.
Notice that all the parameterizations share the property
of containing a late-time de Sitter evolution when the
time of the singularity is sent to the asymptotic future2
ts →∞. However, it is important to notice that the ex-
istence of a matter phase at early times matching a de
Sitter universe in the asymptotic future does not neces-
sarily mean that the evolution mimics that of a ΛCDM
model, because the transition era between the two phases
may be completely different. In fact, it is not difficult to
see that none of our parameterizations contains ΛCDM
within its parameter space.
A noteworthy feature of our parameterizations is that
they are introduced at the level of the Hubble expansion
parameter directly, unlike some previous studies that pa-
rameterize some dynamical quantities associated to the
matter sector, be it the equation of state or the energy
density directly [24]. In those cases, one needs to resort
to some underlying gravitational theory (usually assumed
to be General Relativity). Our results however will be
independent of any assumptions about the gravitational
2 For the model C we need to simultaneously send n to infinity so
that the product n log(1 − t/ts) remains finite.
5theory, only requiring that it is metric so particles fol-
low geodesics in a FLRW universe. Therefore, our re-
sults will apply to a very large class of models as long
as the cosmological evolution is well captured by one of
our parameterizations. Let us stress however that we do
not expect our parameterizations to be exact solutions of
any theoretical model, but simply approximate analytical
expressions describing the true solutions.
As we have said, we do not need to rely on any grav-
itational theory for our parameterizations. However, in
order to make contact with previous literature and give
a physical intuition of what kind of theoretical models
might be described by our parameterizations, we will now
consider some explicit cases.
If we assume General Relativity for the gravitational
interaction, then Friedmann equation directly relates the
Hubble expansion rate to the total energy energy-density
of the universe as
H2 =
8πG
3
ρ . (15)
where ρ collectively represents all the possible compo-
nents in the universe. From the second gravitational
equation we can relate the Hubble expansion rate to the
pressure as
2H˙ + 3H2 = −8πGp (16)
where, again, p comprises all the species with pressure
in the universe. These two equations allow to obtain an
effective equation of state parameter weff in terms of the
Hubble expansion rate and its derivative as
weff ≡
p
ρ
= −1−
2
3
H˙
H2
. (17)
Thus, we can interpret our parameterizations in terms
of an effective equation of state parameter for the con-
tent of the universe, assuming a perfect fluid form and
a barotropic equation of state. Since at early times our
parameterizations give H ≃ 2/(3t), we recover a matter
dominated universe with weff ≃ 0 as it should.
IV. DATA
The analysis has been performed using three different
standard cosmological tools. They are at low redshift
(z . 2), because we are not interested in changing early
time evolution and we assume that a possible signature
for “future” evolution toward a singularity, if any, is de-
tectable now or, at least, in the recent past only.
Just for sake of clarity and computational motivations,
all the models we propose are written in terms of the
dimensionless variable x = t/t0, where t0 is the age of the
Universe. This means that all quantities will be measured
in units of t0 so, for instance, we will have
H(t) =
H(x)
t0
. (18)
Therefore, in this case t0 plays, in terms of fitting param-
eters, the role usually ascribed to the Hubble constantH0
in the standard approach.
Since our parameterizations are explicitly expressed in
terms of time, it will be more convenient to use all the
standard integrals involved in the calculation of cosmo-
logical distances directly expressed as integrations over
time, instead of transforming them into integrations over
redshift, being the two of them related as
∫ z
0
d z˜
H(z˜)
→
∫ x
1
d x˜
a(x˜)
. (19)
The integrations over redshift are more convenient in the
usual case because the observational data are given in
terms of redshift. Thus, we will need to find the values
of x that correspond to the given redshifts, i.e., we need
to find the functions z = z(x) or, equivalently a = a(x).
This can be easily obtained from the corresponding ex-
pression for H(x) by solving the differential equation
H(x) =
a′(x)
a(x)
, (20)
where the prime stands for derivative with respect to x.
This equation will be solved with the boundary condi-
tion a(x = 1) = 1, i.e., we normalize the scale factor to
be 1 today. Thus we operationally define the time t0 in
our models by such condition. Notice that for all our
parameterizations this can be done analytically. There-
fore, we can obtain the values of xi corresponding to the
measured values zi by numerically solving the equation
zi = 1/a(xi)− 1.
A. Hubble data from early-type galaxies
We use the compilation of Hubble parameter measure-
ments estimated with the differential evolution of pas-
sively evolving early-type galaxies as cosmic chronome-
ters, in the redshift range 0 < z < 1.97 and recently
updated in [25]. The corresponding χ2H estimator is de-
fined as
χ2H =
24∑
i=1
(H(xi, θ)−Hobs(xi))
2
σ2H(xi)
, (21)
with σH(zi) the observational errors on the measured
Hobs(zi) values, and θ is the vector of cosmological pa-
rameters, i.e., (t0, n, ts) in our case. Moreover, we will
add a gaussian prior, derived from the Hubble constant
value given in [26], H0 = 69.6 ± 0.7. Notice that now
H0 is a derived quantity depending on the actual fitting
parameters so
H0 = H0(θ) =
H(x = 1), θ
t0
, (22)
where the numerator H(x = 1, θ) now depends on the
parameters n and xs.
6our N.O.T. H(x) a(x) a H H˙ H¨ ρ p weff
A I 2
3x
+ 2n
3(1−x/xs)
a0x
2
3 (xs − x)−
2
3
·nxs ∞ ∞ ∞ ∞ ∞ −∞ ws < 0
B III 2
3x
+ 2n
3
√
1−x/xs
a0x
2
3 exp [− 4
3
n
√
xx (xs − x)] as ∞ ∞ ∞ ∞ −∞ −∞
C III 2
3x
− 2n
3
log
(
1− x
xs
)
a0x
2
3 exp [− 2
3
n (x− xs) (−1 + log [1− x/xs])] as ∞ ∞ ∞ ∞ −∞ −∞
D II 2
3x
+ 2n
3
√
1− x
xs
a0 (x/xs)
2
3 exp [− 4
9
· nxs (1− x/xs)
3
2 ] as Hs > 0 −∞ −∞ ρs ∞ ∞
E IV 2
3x
+ 2n
3
(
1− x
xs
)3/2
a0 (x/xs)
2
3 exp [− 4
15
· nxs (1− x/xs)
5
2 ] as Hs > 0 H˙s < 0 ∞ ρs 0 0
Table I. In this table we summarize the 5 parameterizations that we propose to describe the different types of future singularities
that we consider throughout this work. In the first column we give the label we will use for each case, while the second column
indicates the type of singularity according to the classification in [8]. In the columns 3 and 4 we give the analytical expressions
for H(t) and a(t) (where, as explained in the main text, the normalization a0 must be chosen so that a(x = 1) = 1). In the
last columns we give the behaviour of a, H and some of its derivatives at the singularity. We also give the values of ρ, p and
weff for the theoretical interpretation discussed in Section III. It is important to keep in mind that those values depend on the
underlying theoretical model and we only give them here for illustrative purposes.
B. Type Ia Supernovae
We use the SN Ia data from the Union2.1 compilation
[27]. The χ2SN in this case is generally defined as
χ2SN = ∆F
SN · C−1 · ∆FSN , (23)
with ∆FSN = µtheo − µobs the difference between the
observed and theoretical value of the distance modulus
µ, the observable quantity for Union2.1 SN Ia, defined
as:
µ = 5 log10[dL(z, θ)] + µ0 ; (24)
with dL(z) the dimensionless luminosity distance given
by
dL(z, θ) = (1 + z)
∫ z
0
dz˜
E(z˜, θ)
, (25)
whereE(z) = H(z)/H0 is the dimensionless Hubble func-
tion; µ0 a nuisance parameter combining the Hubble con-
stant H0 (or t0 in our case) and the absolute magnitude
of a fiducial SN Ia. As usual, we marginalize the χ2SN
over µ0. Finally, C is the covariance matrix. In terms of
integration over time, the dimensionless luminosity dis-
tance can be expressed as:
dL(x, θ) =
1
a(x, θ)
∫ x
1
dx˜
a(x˜, θ)
. (26)
C. Baryon Acoustic Oscillations
We have also made use of baryon acoustic oscillations
(BAO), in particular, the data collected in [28]. In this
case the χ2BAO is defined as
χ2BAO = ∆F
BAO · C−1 · ∆FBAO , (27)
where, as before, ∆FBAO = Ftheo−Fobs is the difference
between the observed and theoretical value of the Alcock-
Paczynski distortion parameter measured in a BAO sur-
vey, and defined as:
F (z) = (1 + z)DA(z)
H(z)
c
, (28)
with c the speed of light, H(z) the Hubble function, and
DA the angular diameter given by:
DA(z, θ) =
c
H0(1 + z)
∫ z
0
dz˜
E(z˜, θ)
. (29)
Even in a standard scenario, the quantity F (z) is inde-
pendent of the parameter H0 and can be written
F (z, θ) =
(∫ z
0
dz˜
E(z˜, θ)
)
· E(z˜, θ) , (30)
which in our notation translates into
F (x, θ) =
(∫ x
1
d x′
a(x′, θ)
)
·
(
H(x′, θ)
H(1, θ)
)
, (31)
which is independent of the parameter t0.
Finally, the total χ2 to be minimized will be χ2 =
χ2H+χ
2
H0
+χ2SN+χ
2
BAO. We minimize the total χ
2 using
the Markov Chain Monte Carlo (MCMC) method and we
check its convergence with the method developed in [29].
In order to compare the models in the best statistical
way possible, we have calculated the Bayesian evidence
for each of them. The Bayesian evidence is defined as
the probability of the data D given the model M with
a set of parameters θ, E(M) =
∫
dθL(D|θ,M)π(θ|M):
π(θ|M) is the prior on the set of parameters, normalized
to unity, and L(D|θ,M) is the likelihood function.
We have been very careful in imposing priors; our pa-
rameters are, basically, t0, xs and n. Actually, we have
used the parameter α defined as
xs = 1− log10 α (32)
7id. Ωm H0 t0 weff,0 Bij logBij
km s−1 Mpc−1 Gyr
ΛCDM 0.30+0.03
−0.03 69.6
+0.7
−0.7 13.57
+0.33
−0.31 −0.70 1 0
id. Ωm w0 wa H0 t0 weff,0 Bij logBij
km s−1 Mpc−1 Gyr
CPL 0.36+0.05
−0.08 −0.93+0.25−0.25 −1.71+2.18−3.12 69.5+0.7−0.7 13.29+0.39−0.32 −0.60 1.9 0.63
id. n αs ts 1/t0 t0 weff,0 Bij logBij
t0 km s
−1 Mpc−1 Gyr
A 0.28+0.07
−0.06 0.27
+0.17
−0.16 2.30
+0.61
−0.58 69.9
+1.6
−1.7 13.99
+0.36
−0.32 −0.72+0.12−0.12 1.5 0.42
B 0.34+0.07
−0.07 0.42
+0.21
−0.23 1.86
+0.50
−0.54 69.4
+1.7
−1.7 14.10
+0.35
−0.33 −0.69+0.11−0.11 1.6 0.48
C 0.99+0.57
−0.39 < 0.28 > 2.28 71.8
+1.4
−1.4 13.62
+0.27
−0.27 −0.91+0.22−0.22 2.5 0.90
D 0.72+0.11
−0.08 < 0.27 > 2.32 66.6
+1.9
−2.0 14.70
+0.45
−0.41 −0.49+0.05−0.05 13.5 2.60
E 0.96+0.19
−0.14 < 0.10 > 3.33 65.2
+2.1
−2.2 15.01
+0.53
−0.47 −0.44+0.06−0.06 43.6 3.78
Table II. In this table we present the obtained results for the best fit of each parameterization. In column 1 we give the
label identifying each parameterization in Table I. In columns 2-5 we give the 1σ confidence levels for our primary model
parameters. In column 6 we show the age of the Universe. We also show the effective equation of state parameter (as
defined in (17)) for each parameterization evaluated at the present. Finally, in columns 8 and 9 we give the Bayesian
evidence and ratio with respect to ΛCDM for Jeffreys’ interpretation.
in order to compactify the range xs ∈ (1,∞) into α ∈
(0, 1). We have imposed a flat prior on α on this range,
while for n (and t0) we assume a flat prior for only pos-
itive values, n > 0, given that this is the condition to
ensure present accelerated expansion for all the models.
The only exception is for the singularity D, where ac-
celeration is guaranteed for n > n(α) > 0, with n(α)
numerically found imposing the condition q(t) = 0, with
q(t) being the deceleration parameter. Thus, the param-
eters span sufficiently wide and general ranges in order
to have the same weight for each model when calculating
the Bayesian evidence. The evidence is estimated using
the algorithm in [30]; in order to reduce the statistical
noise we run the algorithm many times obtaining a dis-
tribution of ∼ 100 values from which we extract the best
value of the evidence as the mean of such distribution.
In order to compare the goodness of the different pa-
rameterizations, we further calculate the Bayes Factor,
defined as the ratio of evidences of two models, Mi and
Mj , Bij = Ei/Ej. If Bij > 1, model Mi is preferred over
Mj , given the data. We will use the ΛCDM model as
the reference model i (we have performed a further anal-
ysis with this model using the same data sets we have
described above). The Bayesian evidence may be inter-
preted using Jeffreys’ Scale [31], which tries to quantify
the preference of a model against another based on the
value of the evidence. In particular, if the lnBij < 1, the
evidence in favor of the highest-evidence model is not sig-
nificant; if 1 < lnBij < 2.5, the evidence is substantial; if
2.5 < lnBij < 5, the evidence is strong; and if lnBij > 5,
the evidence is decisive. In [32], it is shown that the Jef-
freys’ scale is not a fully-reliable tool for model compar-
ison, but at the same time the statistical validity of the
Bayes factor as an efficient model-comparison tool is not
questioned: a Bayes factor Bij > 1 unequivocally states
that the model i is more likely than model j. We present
results in both contexts for reader’s interpretation.
V. RESULTS
After the datasets introduced in the previous section
and the discussed considerations, we have proceeded to
run the MCMC chains in order to obtain the confidence
regions of each parameterization and, therefore, achiev-
ing the main goal of this work, namely, obtaining a lower
bound for the time of a future singularity. The results
corresponding to our different cases are shown in Fig. 1,
where we display the marginalized contours of the pa-
rameters for each model, and in Table II. In order to
have a further criterium to judge the statistical validity
of our models, we have also analyzed, using the same
data sets we have described in the previous section, the
ΛCDM model and the Chevallier-Polarski-Linder (CPL)
parametrization [33], which is widely used as the most
basic generalization of a constant dark energy to a dy-
namical fluid.
When considering the combination of all the datasets,
we obtain that the lowest value for the singularity time
is achieved for model B and turns out to be ts,min ≃ 1.2
8(at the 2σ level), which corresponds to 2.8 Gyrs from to-
day. Remarkably, this time is shorter than the expected
time for the Sun to burn all its fuel (estimated to be
5-7 Gyrs). Although model B gives the lowest allowed
value for the time of the singularity, it is interesting to
note that models A, B, C and D consistently give a lower
bound for ts in the range 1.2t0 − 1.5t0 (still smaller than
the remaining life of the Sun), while model E only allows
for ts >∼ 2.5t0.
An interesting feature of models A and B is that hav-
ing the singularity at infinity is excluded at the 1σ level.
We should remember that ts corresponds to having a de
Sitter universe in the asymptotic future, so for those two
models, such a scenario is disfavoured. This highlights
our discussion on the fact that having an asymptotically
de Sitter universe in our parameterizations does not nec-
essarily implies being close to a ΛCDM model. Remark-
ably, these two models present a Bayesian evidence which
make them equivalent to ΛCDM from a statistical point
of view, i.e., they provide fits as good as those of ΛCDM,
and they are also equivalent (or even slightly better) than
the more classical and most used CPL parametrization.
Notice moreover that the effective equation of state pa-
rameter today is close to the one of ΛCDM.
For model C, the possibility of having the singularity
at infinity is within the 1σ region. The Bayesian evidence
in this case is slightly higher than for A and B, but still
not strongly disfavoured with respect to ΛCDM. Inter-
estingly the effective equation of state parameter today
for this case is substantially higher than for ΛCDM.
Finally, models D and E are strongly disfavoured with
respect to the baseline ΛCDM. Again, these models allow
to have ts = ∞ at the 1σ level. In these cases, we find
that weff,0 is lower than in the ΛCDM case.
VI. CONCLUSION
In this work we have reconsidered the subject of fu-
ture cosmological singularities occurring at a finite time.
The aim of the work has been to establish a general
lower bound for the time of a potential future singularity
by using SN Ia, BAO and H(z) data. We have briefly
reviewed the cosmological singularities emphasizing the
fact that a divergence in a given cosmological parameter
does not necessarily implies a singular spacetime. We
have then discussed under which conditions a given cos-
mological singularity actually corresponds to a singular
spacetime so that we can discern the severity of the dif-
ferent cosmological singularities. Our discussion focused
on the geodesic completeness of the spacetime as well as
the presence of divergent tidal forces when approaching
the singularity.
After this brief theoretical review, we have constructed
a set of parameterizations comprising different types of
singularities. These parameterizations have been de-
signed so that we recover an early time matter dominated
phase that transits to a phase with a future singularity
where a given time-derivative of the scale factor diverges,
but not the lower ones. We have then run a series of
MCMC chains to confront our parameterizations to SN
Ia, BAO and H(z) data. The obtained results are then
summarized in Table. II. Our main conclusion is that
quite generally a potential future singularity cannot be
closer to the present time than ∼ 0.2t0, that roughly cor-
responds to 2.8 Gyr. We found that the proximity of the
singularity to the present time has a mild dependence on
the type of singularity for our parameterizations, but we
can conclude that in all cases there is a consistent lower
bound around 1.2− 1.5t0.
Another interesting conclusion that we have found is
that, following results from the Bayesian evidence, our
parameterizations A and B are provide fits statistically
equivalent in goodness to ΛCDM. This was not obvious a
priori since none of our parameterizations contain ΛCDM
in its parameter space. Hence, as shown in previous ref-
erences [17], a singular scenario can not be discarded and
the time remaining for the occurrence of a future singu-
larity may be shorter than expected.
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Figure 1. Results: 68% and 95% confidences level for n and α. Red: supernovae; green: BAO; blue: Hubble data; grey: total
combined data sets. From left to right and from top to bottom: singularity A; singularity B; singularity C; singularity D;
singularity E.
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Figure 2. (Top Panel:) Effective EoS for the combined effect of matter and “singularity-fluid”. ΛCDM from Table: solid light
grey - CPL from Table: dashed light grey - Singularity A: black - Singularity B: blue - Singularity C: magenta - Singularity
D: red - Singularity E: green. (Left: all models for all times - Right: zoom of the best models in the approximate time range
covered by data). (Bottom Panel:) Rate expansion in terms of redshift, H(z), in the approximate range covered by data.
ΛCDM from Table: solid light grey - ΛCDM with H0 from Table and Ωm,0 ∼ 0.25 visually-varied in order to fit our models:
dotdashed light grey - Singularity A: black - Singularity B: blue - Singularity C: magenta.
